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Asymptotic Expansion of the = 4 Dyon 
Degeneracy 



Nabamita Banerjee, Dileep P. Jatkar, Ashoke Sen 

Abstract: We study various aspects of power suppressed as well as exponentially 
suppressed corrections in the asymptotic expansion of the degeneracy of quarter BPS 
dyons in A/" = 4 supersymmetric string theories. In particular we explicitly calculate the 
power suppressed corrections up to second order and the first exponentially suppressed 
corrections. We also propose a macroscopic origin of the exponentially suppressed 
corrections using the quantum entropy function formalism. This suggests a universal 
pattern of exponentially suppressed corrections to all extremal black hole entropies in 
string theory. 

Keywords: Higher derivative terms, Degeneracy, Statistical entropy. 



Contents 



1. Introduction and Summary 



1 



2. An Overview of Statistical Entropy Function 

2.1 Dyon degeneracy 

2.2 Asymptotic expansion and statistical entropy function 

2.3 Exponentially suppressed corrections 

2.4 Organising the Asymptotic Expansion 



3 

3 
5 
8 
9 



3. Power Suppressed Corrections 



9 



4. Exponentially Suppressed Corrections 



16 



5. Macroscopic Origin of the Exponentially Suppressed Corrections 18 



1. Introduction and Summary 

One of the major successes of string theory has been the matching of the Bekenstein- 
Hawking entropy of a class of extremal black holes and the statistical entropy of a 
system of branes carrying the same quantum numbers as the black hole[l]. The initial 
comparison between the two was done in the limit of large charges. In this limit the 
analysis simplifies on both sides. On the gravity side we can restrict our analysis to 
two derivative terms in the action, while on the statistical side the analysis simplifies 
because we can use certain asymptotic formula to estimate the degeneracy of states for 
large charges. However given the successful matching between the statistical entropy 
and Bekenstein-Hawking entropy in the large charge limit, it is natural to explore 
whether the agreement continues to hold beyond this approximation. On the gravity 
side this requires taking into account the effect of higher derivative corrections and 
quantum corrections in computing the entropy. The effect of higher derivative terms 
is captured by the Wald's generalization of the Bekenstein-Hawking formula[2]. For 
extremal black holes this leads to the entropy function formalism for computing the 
entropy[3]. Recently it has been suggested that the effect of quantum corrections to the 
entropy of extremal black holes is encoded in the quantum entropy function, defined 
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as the partition function of string theory on the near horizon geometry of the black 
holes [4]. On the other hand computing higher derivative corrections to the statistical 
entropy requires us to compute microscopic degeneracies of the black hole to greater 
accuracy. Here significant progress has been made in a class of jV = 4 supersymmetric 
field theories, for which we now have exact formulae for the microscopic degeneracies [5, 
6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29]. 
(For a similar proposal in A/" = 2 supersymmetric theories, see [30].) 

Our eventual goal is to compare the statistical entropy computed from the exact 
degeneracy formula to the predicted result on the black hole side from the computation 
of the quantum entropy function (or whatever formula gives the exact result for the 
entropy of extremal black holes). However in practice we can compute the black hole 
side of the result only as an expansion in inverse powers of charges, by matching these 
to an expansion in powers of derivatives / string coupling constant. Thus we must 
carry out a similar expansion of the statistical entropy if we want to compare the 
results on the two sides. A systematic procedure for developing such an expansion of 
the statistical entropy has been discussed in [5, 6, 10, 13]. Our main goal in this paper 
is to explore this expansion in more detail, and. to whatever extent possible, relate it 
to the results of macroscopic computation. 

The rest of the paper is organized as follows. In §2 we give a brief overview of 
the exact dyon degeneracy formula in a class oiH — ^ supersymmetric string theories, 
and discuss the systematic procedure of extracting the degeneracy for large but finite 
charges. We also organise the computation of the statistical entropy by representing 
the result as a sum of contributions from single centered and multi-ccntcrcd black holes, 
and then express the single centered black hole entropy as an asymptotic expansion in 
inverse powers of charges, together with exponentially suppressed corrections. In §3 
we examine the leading exponential term in the expression for the statistical entropy 
and compute the statistical entropy to order 1/charge^. Previous computation of the 
statistical entropy was carried out to order charge^. We compare these results with 
the exact result for the statistical entropy and find good agreement. We also find that 
the agreement is worse if we compare the result with the exact statistical entropy in 
a domain where besides single centered black holes, we also have contribution from 
two centered black holes. This confirms that the asymptotic expansion is best suited 
for computing the entropy of single centered black holes. From the gravity perspective 
these corrections should be captured by six derivative corrections to the effective action; 
however explicit analysis of such contributions has not been carried out so far. 

In §4 we analyze the contribution from the exponentially subleading terms to the 
entropy of single centered black holes. While power suppressed corrections to the sta- 
tistical entropy have been compared to the higher derivative corrections to the black 
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hole entropy in various approximations, so far there has been no explanation of these 
exponentially suppressed terms from the black hole side.^ In §5 we suggest a macro- 
scopic origin of the exponentially suppressed contributions to the entropy from quantum 
entropy function formalism. In this formalism the leading contribution to the macro- 
scopic degeneracy comes from path integral over the near horizon AdS2 geometry of the 
black hole with appropriate boundary condition. We show that for the same boundary 
conditions there are other saddle points which have different values of the euclidean 
action. These values have precisely the form needed to reproduce the exponentially 
suppressed contributions to the leading microscopic degeneracy. 

2. An Overview of Statistical Entropy Function 

In this section, we briefly review the systematic procedure for computing the asymptotic 
expansion of the statistical entropy of a dyon in a class of A/" = 4 supersymmetric string 
theories. The approach mainly follows [5, 6, 10, 13, 22]. Our notation will be that of 
[23]. 

2.1 Dyon degeneracy 

Let us consider anAf — A supersymmetric string theory with a rank r gauge group. We 
shall work at a generic point in the moduli space where the unbroken gauge group is 
C/(l)^. The low energy supergravity describing this theory has a continuous 5*0(6, r — 
6) X SL{2, R) symmetry which is broken to a discrete subgroup in the full string 
theory. We denote by Q and P the r dimensional electric and magnetic charges of the 
theory, by L the 5*0(6, r — 6) invariant metric and by {Q^, P^, Q ■ P) the combinations 
{Q^LQ, P^LP, Q^LP). Then for a fixed set of values of discrete T-duality invariants 
the degeneracy d{Q, P), - or more precisely the sixth helicity trace -Be [33] - of a dyon 
carrying charges {Q, P) is given by a formula of the form: 

d{Q,P) = (-l)Q-^+i f dpd(7di;e--^(^^'+^'5^+2^«-^) , (2.1) 

010203 ic ^[p,&,V) 

where p = pi + ip2, cr = ai + ia2 and v = vi + iv2 are three complex variables, $ 
is a function of {p,a,v) which we shall refer to as the inverse of the dyon partition 
function, and C is a three real dimensional subspace of the three complex dimensional 
space labeled by (p, &,v), given by 

P2 = Ml, a2 = M2, V2 = M3, 

0<pi<ai, 0<(Ti<a2, 0<t;i<a3. (2.2) 

^Note that this expansion is quite different from the Rademacher expansion studied in [31, 32] since 
we scale all the charges uniformly. 
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The periods ai, a2 and as of p, a and v are determined by the the quantization laws 
of Q^, and Q ■ P. Mi, M2 and M3 are large but fixed numbers. The choice of 
the Mj's depend on the domain of the asymptotic moduli space in which we want 
to compute d{Q,P). As we move from one domain to another crossing the walls 
of marginal stability, d{Q, P) changes. However this change is captured completely 
by a deformation of the contour labelled by (Mi,M2,M3) without any change in the 
partition function $[17, 18]. A simple rule that expresses (Mi, M2, M3) in terms of the 
asymptotic moduli is[21]: 



Ql^Q'^{M + L)Q, P^^P'^{M + L)P, Qr- Pr^ Q'^{M + L)P , (2.4) 



A = Ai + iA2 denotes the asymptotic value of the axion-dilaton moduli which belong 
to the gravity multiplet and M is the asymptotic value of the r x r symmetric matrix 
valued moduli field of the matter multiplet satisfying MLM^ = L. 

A special point in the moduli space is the attractor point corresponding to the 
charges {Q,P). If we choose the asymptotic values of the moduli fields to be at this 
special point then all multi-centered black hole solutions are absent and the correspond- 
ing degeneracy formula captures the degeneracies of single centered black hole only[21]. 
This attractor point corresponds to the choice of (M, A) for which 



g| = 2g^ p^ = 2P^ Qr.Pr = 2Q.p, A2= ^^"^ J"^'"^' , Ai = 




(2.3) 



where A is a large positive number. 



p2 



(2.5) 



Substituting this into (2.3) we get 




M2 = 2A 



^Q2p2 _ (g . py 



p2 



Ma = -2 A 



(2.6) 



Q-P 



We can invert the Fourier integrals (2.1) by writing 




(2.7) 
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where g{m,n,p) are the coefficients of Fourier expansion of the function l/^{p,a,v): 

^— ^ = J2 ^Kn,p)e^'^^("^^+"^+^^). (2.8) 



m,n,p 



Different choices of (Mi, M2, M3) in (2.1) will correspond to different ways of expanding 
1/$ and will lead to different g{m, n,p). Conversely, for d{Q, P) associated with a given 
domain of the asymptotic moduli space, if we define g{m.n,p) via eq.(2.7), then the 
choice of {Mi, M2, M3) is determined by requiring that the series (2.8) is convergent for 

{P2,CT2,V2) = (Mi,M2,M3). 

A special case on which we shall focus much of our attention is the J\f = A super- 
symmetric string theory obtained by compactifying type IIB string theory on K3 x 
or equivalently heterotic string theory compactified on T^. In this case the function $ 
is given by the well known Igusa cusp form of weight 10: 



$(p, a, v) = $io(p, a, v) = e''^^('^+*+*) Y[ (l - e2'^^(*^'+^'+^^)) 



fc',(>0;j<Ofor k'=l=0 



(2.9) 



where c{u) is defined via the equation 



c{4:n - f) e2'^^"^+2'^^^'^ . (2.10) 



.^2(t,0)2 ^3(t,0)2 

2.2 Asymptotic expansion and statistical entropy function 

In order to compare the statistical entropy SgtatiQ, P) = ln(i((5, P) with the black hole 
entropy we need to extract the behaviour of Sstat{Q, P) for large charges. We shall now 
briefly review the strategy and the results. For details the reader is referred to [22]. 

1. Beginning with the expression for d{Q,P) given in (2.1), we first deform the 
contour to small values of (p2)0"2)^'2) (say of the order of 1/charge). In this 
case the contribution to Sgtat from the deformed contour can be shown to be 
sublcading, and hence the major contribution comes from the residue at the 
poles picked up by the contour during the deformation. 

2. For any given pole, one of the three integrals in (2.1) can be done using residue 
theorem. The integration over the other two variables are carried out using the 
method of steepest descent. It turns out that in all known examples, the dominant 
contribution to Sstat computed using this procedure comes from the pole of the 
integrand i.e. zero of $ at 

pa-v^ + v^O. (2.11) 
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Furthermore near this pole $ behaves as 



a, v)(x{2v-p- (7)*^ g{p) g{a) , (2.12) 

where 

P^-v^ pa-{v- pa-v^ + v 

P= : , cr= : , : , (2-13) 

a a a 

k is related to the rank r of the gauge group via the relation 

r^2k + 8, (2.14) 

and g{T) is a known function which depends on the details of the theory. Typically 
it transforms as a modular function of weight {k + 2) under a certain subgroup of 
the SL{2, %) group. In the (p, cr, v) variables the pole at (2.11) is at v = 0. The 
constant of proportionality in (2.12) depends on the specific J\f — A string theory 
we are considering, but can be calculated in any given theory. 

3. Using the residue theorem the contribution to the integral (2.1) from the pole at 
(2.11) can be brought to the form 



^s.tat{Q,P) = ^(g^ p)^ Jfl e-nr) ^ (2.15) 



r| 

where ti and T2 are two complex variables, related to p and a via 

p = Ti+iT2 , cr = -Ti + iT2 , (2-16) 

and 



F(f) = 



— \Q- rP\' - Ingir) - lng{-f) -{k + 2) ln(2T2) 

ZT2 



+ ln\^Ko (2{k + 3) + ^\Q - tP\^^ } 
Kq — constant . (2-17) 

Even though ri and T2 are complex, we have used the notation r = ri + 2x2, 
f = n - iT2, |t|2 = Tf , and \Q - rPp = {Q - tP){Q - fP). Note that F(f) 
also depends on the charge vectors {Q,P), but we have not exphcitly displayed 
these in its argument. The ~ in (2.15) denotes equahty up to the (exponentially 
subleading) contributions from the other poles. 
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4. We can analyze the contribution to (2.13) using the saddle point method. To 
leading order the saddle point corresponds to the extremum of the first term in 
the right hand side of (2.17). This gives 



Q-P 

p2 ' 



T2 = 



p2 



(2.18) 



Using (2.13), (2.16) we get 

(p, (T, -v) 



' ^={Q\ p\ Q-P)- (0, 0, -; 



(2.19) 



We can regard the result for —Sgtat as the extremal value of the IPX effective action 
in the zero dimensional quantum field theory, with fields r, f (or equivalently 
Tl, T2) and action F{t) — 21nr2. A manifestly duality invariant procedure for 
evaluating Sstat was given in [13] using background field method and Riemann 
normal coordinates. The final result of this analysis is that Sgtat is given by 



Sstat ^ -rs(fB) 



at 



0, 



(2.20) 



where TBirB) is the sum of IPI vacuum diagrams calculated with the action 

J2-^^B2nn...^^^D,^■■■D,^F{T) _ ^ -lnj(0, (2.21) 

where 



n=0 



T=Tb 



■sinh 1^1 



(2.22) 



Here tb is a fixed background value, ^, ^ are zero dimensional quantum fields and 



D,{D:;D^F{t)) = {dr-im/r^nD^^D^Fir)), 
D,{D^D^F{r)) = (9, + m/T2)(L';"L'^F(f)), 



(2.23) 



for any arbitrary ordering of Dt and Df in D^D^F{f). 



This finishes the required background for generating the asymptotic expansion of the 
statistical entropy to any given order in inverse powers of charges, - all we need is to 
compute rB(Ts) to the desired order and then find its value at the extremum. The 
function —TBiTB) is called the statistical entropy function. 
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2.3 Exponentially suppressed corrections 

In our analysis we shall also be interested in studying the exponentially subleading 
contribution to the statistical entropy. These come from picking up the residues at 
the other zeroes of $. The details of the analysis has been reviewed in [22]; here we 
summarize the results for the special case of heterotic string theory on [5] . In this 
case A; = 10, $ is given by the Siegel modular form $io, and the periods (ai, 02, 03) are 
all equal to 1. $10 has second order zeroes at 

n2{crp — v"^) + jv + ni& — rriip + m2 = 0, 

j2 1 

for mi,ni,m2,n2& 'E,je2'E + l, mini + m2n2 + — — - ■ (2.24) 

Since eqs.(2.24) are invariant under (m, n,j) — > (— m, —n, —j), we can use this symme- 
try to set n2 > 0. For any given ^2 > 1 we can use the symmetry of $10 under integer 
shifts in (p, a, v) to bring mi, rii and j in the range 

< ni < n2 - 1, < mi < n2 - 1, < j < 2^2 - 1 . (2.25) 

Using this symmetry we can fix (mi, ni,j) in this range, but then we must extend the 

integration range over {pi,ai,Vi) to be over the whole real axes. For given n2, mi, ni, 
j, the last equation in (2.24) then determines m2 in terms of the other variables. This 
equation also forces j to be odd, and mi^i + (j^ — l)/4 to be an integer multiple of 
n2. We can now evaluate the contribution from each of these poles using saddle point 
method. To leading order the location of the saddle point from the pole associated 
with a given set of values of rrii, rii and j is given by [5, 22] 

(P, -v) = =^===={Q', P\Q-P)--^ (m, -mi, ^) . (2.26) 

2n2^Q^P^ - {Q ■ Py ri2 2 

For ^2 = 1 we can choose rii — mi = 0, j = 1 and (2.26) reduces to (2.11). 

Besides these there are also contributions from the poles corresponding to n2 = 0. 
These are in fact the poles responsible for the jump in the degeneracy as we cross walls 
of marginal stability [17]. In particular for the wall associated with a decay of the form 

{Q,P)^{Qi,Pi) + {Q2,P2), (2.27) 

(Qi, Pi) = {aQ + PP, -fQ + 6P), {Q2, P2) = {SQ - /3P, -7^ + aP) , (2.28) 

aS = f3-f, a + S = l, (2.29) 
the jump in the index is given by the residue at the pole at 

p-f-aP + v{a-S)^0. (2.30) 



-8- 



Unlike the residues from the poles at (2.24), which grow as exponentials of quadratic 
powers of charges, the residues at the poles at (2.30) grow as exponentials of hnear 
powers of charges. Thus one expects them to be suppressed compared to the contri- 
bution from all other poles of the form given in (2.24). Nevertheless we shall see that 
for small charges the residues at (2.30) give substantial subleading contribution to the 
statistical entropy. 

2.4 Organising the Asymptotic Expansion 

Consider the contour integral given in (2.1) with [Mi, M2, M^) given as in (2.3). In 
order to find the asymptotic expansion of this expression we need to deform the contour 
so that it passes through the saddle point. Since the integral is done over the real parts 
of (p, a, v) keeping their imaginary parts fixed, we shall deform the contour by varying 
the imaginary parts (p2, '^2) of (p, a, v). For this we first note that in the (p2, &2, V2) 
space, the point (Mi, M2, M3) given in (2.6) corresponding to the choice of the contour 
for single centered black holes, and the values of (p2, 0'2, V2) given in (2.26) corresponding 
to various saddle points, lie along a straight line passing through the origin: 

Q^~P^~ Q-P- ^^-"^^^ 
Thus we can first deform the contour from its initial position to the position (2.6), 
keeping Im{p, &,v) large all through, and then deform it along a straight line towards 
the origin. In the first step we shall only cross the poles of the type given in (2.30). 
This picks up the contribution to the entropy from the multi-centered black holes which 
were present at the point in the moduli space where we are computing the entropy. In 
the second stage we pick up the contribution from all the saddle points with n2 > 1, 
but do not cross any pole of the type given in (2.30). These can then be regarded as the 
contribution to the entropy of a pure single centered black hole. Thus wc sec that the 
complete contribution to single centered black hole entropy comes from residues at the 
poles (2.24) with n2 > 1. This suggests that at least for finite values of charges where 
the jumps across the walls of marginal stability are not extremely small compared to 
the total index, the asymptotic expansion, based on the residues at the poles at (2.24) 
with ^2 > 1, is better suited for reproducing the entropy of single centered black holes 
than that of single and multi-centered black holes together. We shall see this explicitly 
in our numerical analysis. 



3. Power Suppressed Corrections 

In §2 we outlined a general procedure for computing the statistical entropy as an 
expansion in inverse powers of charges. In this section we shall use this method to 
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compute the statistical entropy to order l/(f where q stands for a generic charge. 
For comparison we note that the leading correction to the entropy is quadratic in the 
charges. Contribution to Sgtat up to order (f has been computed in [6, 10, 13]. 

We begin with the expression for F{t) given in (2.17) and carry out the background 
field expansion as described in (2.21). For this we organise (2.21) as a sum of three 
terms 

F{t) - In J{i) ^Fo + F, + F2 (3.1) 



where 



Fo^-^\Q-tP\ 
Fi = In^(T) + In^(-f) + {k + 2) ln(2T2) - In J(0 - In Ko-\Q - rP\ 

T2 



Fo = - In 



2(fc + 3)r2 
7r|Q-TP|2 



(3.2) 



represent respectively the leading piece of order q^, the 0{q^) piece and all terms of 
the order q~^'^,n > 1. Since the loop expansion is an expansion in powers of q~^, in 
order to carry out a systematic expansion in powers of q~^ we need to regard Fq as 
the tree level contribution, Fi as the 1-loop contribution and F2 as two and higher 
loop contributions. To compute up to a certain order, we need to compute IPI 
vacuum diagrams in the zero dimensional field theory with action {Fq + Fi + F2) up 
to that order regarding C, as fundamental field. Thus for example in order to compute 
the contribution to F^ to order q^'^ we need to include all one and two loop diagrams 
involving vertices from Fq, all one loop diagrams involving a single vertex of Fi and 
the tree level contribution from Fq, Fi and F2. 

To see more explicitly how the powers of q appear, we expand F{f) in field variable 
^ around the background point tb- We then identify the quadratic term in ^ in the 
leading action Fq with the inverse propagator and all other terms (including quadratic 
terms in the expansion of Fi and F2) as vertices. Since Fq is of order g^, this gives a 
propagator of order All vertices coming from Fq are of order g^, all vertices coming 
from Fi are of order g° and the vertices coming from F2 are of order g^^" with n> 1. 
Let us now consider a IPl vacuum diagram with Vn number of n-th order vertices 
coming from Fq. Since there are no external legs, we have 'Ylm^^n/'^ propagators. 
Thus the contribution from this diagram goes as 

gE„(2-n)F„ _ (3 3^ 

Similar counting works for vertices coming from Fi and F2, but every vertex coming 
from Fi will carry an extra power of q~^ and every vertex coming from F2 will carry 
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Figure 2: 1-loop graph using a 2- vertex from Fi. 



two or more extra powers of g ^. Thus an order q ^ contribution to the effective action 
can come from 

(V^ = 1, 14 = for n ^ 4) or {V3 = 2, K = for n ^ 3) , (3.4) 

if all the vertices are from Fq, and 

V2 = l, K = for n ^ 2 , (3.5) 

if this single two point vertex is from Fi.^ The possible diagrams associated with (3.4) 
have been shown in Fig.l whereas the diagram associated with (3.5) have been shown 
in Fig.2. Finally the order contribution from F2 is obtained by just adding the 
F2{tb) term to Tb{tb). 

The above analysis shows that in order to calculate the contribution to up to 
order q~^, we need to expand Fo{t) to quartic order in ^, and -Fi(r) to quadratic order 
in This is done with the help of (2.21), (2.23). We get^ 

?7r — TT — 

Fo{r) = Fo{tb) - —- {^Q - fsP? - m - rsP)'} - ^ IQ - TbPI' 
4rB2 4rB2 

^Note that Fq does not give a two point vertex. 

•^Whenever a r (tb) appears without a vector sign, it should be interpreted as ti +1x2 {tbi +iTB2)- 
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girs) tb -tb tb- tb \Q - tbP\^ 

+ 4 {Q-TBP)\Q-fBPf , 1 



4(|Q-..PP)^ + (3.6) 

The quadratic term in the expansion of Fq{t) gives the propagator 

M«« = M« = .^^^""^ , = M«"^" = . (3.7) 

7r|Q - TsP]^ 

Using the vertices wc can evaluate the order contribution to Tb shown in the three 
diagrams in Figs. 1 and 2. The results are 

A = 2^^^ 



B 



37r|Q-TBP|2' 
'iTB2{Q-TBP)\Q-fBPf 



97i{\Q-TbP\ 



2^3 



^ 2rB2 (4 + fc)rB2 _ r,,2(g - rBP)^(g - f^P)^ 

37r|g-rBP|2^7r|g-rBP|2 tt (|g - rBP|2)3 " 

Combining this with the order and (f contribution to Fb given in [13], the complete 
statistical entropy function goes as, 

Tb{.tb) = Foifs) + Fi{fB) + F2ifB) - ln(7r |M««|) +A + B + C 
= Fo(fB) + Fi(rB)+F2(fB) 

ro{rB)^-^\Q-TBP\\ 

Fi(fB) = In^(TB) + In^(-fB) + (A; + 2) ln(2rB2) - ln(47rii:o) 

r(?^ , .^ , 7 (g-rBP)^(g-fBP)^ \ 

^'^'^^ = -.\Q-rBP? l^' + + 9 (|g-r.P|T ) ' ^'"'^ 

The last term in F2(tb) vanishes at the extremum of Fo(tb) where 

jQ^p^ - (Q ■ py Q-P 

TB2^^^^^^^-^P-^. TBl^^ (3.10) 

We can therefore get rid of this term by doing a field redefinition. Using this we can 
write 
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We now note that T2{rB) is independent of the modular form g{T). This fact has some 
important imphcations for our result; we will come back to it at the end of this section. 

We can now extremize rs(TB) given in (3.9) with respect to tb to evaluate the 
black-hole entropy up to this order. For this it is enough to find the location of the 
extremum to order Let f(o) be the extremum of Fq{tb) given in (3.10). By 

extremizing Fq + Fi we can find the extremum to order We get 



2^Q-p- - (g ■ py dr, 

T = T(o) + ^^^^ + 0{l/q ) , (3.12) 

where the derivative of Fi is taken at fixed f. Substituting this in the argument of the 

Fj's we get 

Sstat = -ro - Fi - F2 = + + S^^\ (3.13) 

where 



g'ir^o)) ^ k + 2 \ f g'i-fjo)) ^ k + 2 \ 



5(1) = -ln5(r(o)) -ln<7(-f(o)) - (A; + 2) ln(2r(o)2) + ln(47rir, 

^(2) ^ ^ + ^ + 

27r^Q2p2 _ . p)2 [Vc/(r(o)) ' m - Ho) J \ 9{-f{o)) ' no) - f^o) J 

For type IIB string theory compactified on K?) x T^, k = 10. (/(r) = i]{Ty^ and 
AttKo = 1. We have shown in table 1 the approximate statistical entropies S'^^f = S''-^-' 
calculated with the 'tree level' statistical entropy function, sUlf- = S'*-^-' +S'(i-' calculated 
with the 'tree level' plus 'one loop' statistical entropy function and S^^l^ = S^'^'' + S'^"'^) + 
5(2) calculated with the 'tree level' plus 'one loop' plus 'two loop' statistical entropy 
function and compared the results with the exact statistical entropy Sstat- The exact 
results for d{Q, P) are computed using a choice of contour for which only single centered 
black holes contribute to the index for Q • P > and both single and 2-centered black 
hole solutions contribute for Q • P < 0. We clearly see that the asymptotic expansion 
has better agreement with the exact results when only single centered black holes are 
present, in accordance with our general argument. 

Given the result for the statistical entropy to this order, one would like to see if 
this can be reproduced from the macroscopic calculation on the black hole side. So far 
black hole entropy calculation has been done for the leading supergravity action and 
a subset of the four derivative terms which include curvature squared contribution to 
the effective action[34, 35, 36, 37]. The results of these two completely independent 
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si III 
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D, 




2 


2 





50064 


10.82 


6.28 


10.62 


11.576 


.2 


-0.756 


4 


4 





32861184 


17.31 


12.57 


16.90 


17.382 


.41 


-0.072 


6 


6 





16193130552 


23.51 


18.85 


23.19 


23.506 


.32 


.004 


8 


8 





7999169992704 


29.71 


25.13 


29.47 


29.71 


.24 


.000 


10 


10 





4074192429737760 


35.943 


31.42 


35.754 


35.945 


.189 


-0.002 


6 


6 


1 


11232685725 


23.14 


18.59 


22.88 


23.15 


.26 


-0.01 


6 


6 


2 


4173501828 


22.15 


17.77 


21.94 


22.198 


.21 


-0.05 


6 


6 


3 


920577636 


20.64 


16.32 


20.41 


20.766 


.23 


-0.13 


6 


6 


-1 


11890608225 


23.19 


18.59 


22.88 


23.15 


.31 


.04 


6 


6 


-2 


2857656822 


21.77 


17.77 


21.94 


22.198 


-0.17 


-0.43 


6 


6 


-3 


2894345136 


21.78 


16.32 


20.41 


20.766 


1.37 


1.01 



Table 1: Comparison of the exact statistical entropy to the tree level, one loop and two loop 
results obtained via the asymptotic expansion. In the last two columns Di is the difference 
of the exact result and the one loop result and D2 is the difference of the exact result and 
the two loop result. We clearly see that for Q • P > where only single centered black 
holes contribute to Sgtat, inclusion of the two loop results reduces the error, at least for large 
charges. 

calculations match up to order and give us enough confidence on the expected 
equivalence of the statistical entropy and the black hole entropy. However there are 
many open issues. Even at the level of the four derivative terms, only a subset of 
the four derivative terms have been included in the analysis of the black hole entropy. 
Furthermore at this order the full IPl effective action of string theory also contains 
non-local terms from integrating out the massless fermions and Wald's formula cannot 
even be applied in principle to take into account the effect of these terms. Recently 
a generalization of the Wald's formula for extremal black holes in the full quantum 
theory has been proposed[4] (see also [38, 39]). This will be discussed in more detail 
in §5 in the context of exponentially suppressed terms. However as far as the power 
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law corrections are concerned, at present we do not have a complete calculation of 
the quantum entropy function for quarter BPS black holes in jV = 4 supersymmetric 
theory even at the level of order g° terms. This prevents us from making a concrete 
statement on the agreement between the two entropies.^ 

Given that even at order g° we do not have a complete test of the equahty between 
the microscopic and the macroscopic calculations, we cannot hope to have such a test for 
the order q^^ terms calculated here. However we can say a few words about the possible 
contributions on the macroscopic side which is needed to reproduce the order 
corrections to the statistical entropy. To this end wc note that the order correction 
to the statistical entropy function Vb{tb) given in (3.11) is manifestly invariant under 
continuous duality transformation 



Now while comparing the statistical entropy function to the black hole entropy function, 
the parameters r get identified with the near horizon axion-dilaton modulus A in the 
heterotic description [6, 10, 13]. This suggests that if the required correction comes from 
a local correction to the IPI action, then the corresponding term must be invariant 
under a continuous S-duality transformation. Furthermore since we are looking for 
a correction of order g~^, we require the correction to the Lagrangian density to be 
a six derivative term. This puts a strong restriction on the type of contribution to 
the local Lagrangian density that can be responsible for such corrections. We have not 
been able to find a candidate Lagrangian density. The most straightforward method for 
constructing duality invariant terms using Riemann tensors constructed out of canonical 
Einstein metric does not work since all such terms vanish in the AdS2 x S"^ near horizon 
geometry and hence do not contribute to the entropy function to this order. This of 
course does not rule out the existence of duahty invariant terms constructed out of 
other fields. The other possibility is that these contributions cannot be encoded in a 
local Lagrangian density, but come from the non-local contributions to the quantum 
entropy function arising from the path integral over string fields in the near horizon 

^It was shown in [9] that the leading asymptotic expansion of the entropy to all orders in inverse 
powers of charges, associated with the pole at (2.11), is consistent with the OSV formula[40] after 
inclusion of certain additional measure factors. Rcfs.[41, 42, 43] independently derived the same 
measure factor in the semiclassical approximation by requiring that the entropy is invariant under 
duality transformations. Our goal is to derive a general formula for the entropy of an extremal black 
hole based on some principle (like AdS/CFT) from which the results of [9, 41, 42. 43] would follow. In 
particular if one can establish that the asymptotic expansion of the quantum entropy function reduces 
to the formula given in [9, 41, 42, 43], this will automatically prove that the quantum entropy function 
agrees with the statistical entropy to all orders in inverse powers of charges. 




ad — bc—1, a,b,c,d& M. (3.15) 
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geometry. To this end we note that since the OSV formula reproduces the complete 
asymptotic expansion to all orders in if we can derive the OSV formula from the 
quantum entropy function we shall automatically reproduce these corrections to the 
statistical entropy. 

4. Exponentially Suppressed Corrections 

In this section we shall analyze the exponentially suppressed contributions from the 
zeroes of $10 given in (2.24): 

n2{ap — v^) + jv + niG — rriip + 777.2 = , (4.1) 

with 

f 1 

?Tli, 771,7772, 772 e ^, j G 2 ^ + 1, 7ni77i + 7772712 + ^ = | • (4.2) 



For this we define 



(4.3) 



and look for a symplectic transformation of the form: 



(4.4) 



such that 

7i2(5'p — v'^) + jv + riia — rriip + m2 
^ ~ det(CQ + D) ■ 

Here [ Jisa4x4 symplectic matrix. In this case (4.1) gets mapped to v = 0. 



(4.5) 



On the other hand the modular transformation law of $io gives 

$io(p,<^,7;) ={det(CQ + L')}-*^$io(p,a,T;), A; = 10. (4.6) 

Thus the behaviour of $io(p, ^i^) near the zero (4.1) is given by 

$io(p, v) = -{det(CQ + L>)}-^ g{p) g{v) + 0{v') , g{p) = r^{pf' . (4.7) 

We can now substitute (4.7) into (2.1) (with $ replaced by $io) and evaluate the 
integral over v using residue theorem. For this we need to regard (p, a, v) appearing in 
(4.7) as functions of {p,a,v) via eq.(4.4), (4.5). The result is, up to a sign, 

(-1)«-^ j cipciae-'^^(^^'+'^«'+2eQ.p) det(Cn + L')^+2 (2712^-^)"' 

x^(p)-^^(<7)-^(g-P + 0(l)), (4.8) 
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where v and (p, ci) arc to be regarded as functions of (p, (t) via eqs.(4.1) and (4.4). 
The last factor in (4.8) proportional to Q ■ P comes from taking the derivative of the 
integrand other than the pole term with respect to v. We can now evaluate the (p, a) 
integral using the saddle point method. To leading order the location of the saddle point 
is obtained by extremizing the term in the exponent of (4.8) subject to the constraint 
(4.1). The result is given in eq.(2.26): 



(P, ^, -v) = =^==={Q\ P\Q-P)-^ (m, -mi, ^) . (4.9) 

The result of the integration over (p, a) can be expressed as 

{-if-^ [exp {-ni{pP^ + aQ^ + 2vQ ■ P)) detiCd + D)^+2 {2n2V - j)"' g{p)~' gia)~' 
X (Q-P + 0(1)) ((detA)-^/^ + 0(l))]^^,,^^ , (4.10) 

where the sTibscript 'saddle' denotes that we need to set (p, a, v) to their saddle point 
values given in (4.9), and A is the 2x2 matrix: 

A^iO.pf ^'^I^P' dH/dpda\ 

[dH/dpda dH/da' J ■ ^ ^ ^ 

In evaluating (4.11) we need to regard v as a function of (p, o") via eq.(4.1). Explicit 
computation gives 

detA = {Q-Pynl/{2n2V-3)^. (4.12) 
Substituting this and (4.9) into (4.10) gives 

-exp (tt^Q'P' - {Q ■ Py/n^) [det{Cn + Df^^ g{p)-' g^ay' (1 + 0(g-'))],,,,,, 

7T/2 ^ / 

x(-l)«-^ exp [i7r(niP2 _ m^Q'^ + jQ ■ P)/n2] , (4.13) 

where we have how fixed the overall sign by requiring that it agrees with the result of 
[22] for (mi,ni,n2,m2,j) = (0,0,1,0,1). ^ 

In order to evaluate the factor det(CQ + D)^^"^ g{p)~^ g{a)~^ appearing in (4.13) 

explicitly, we need to find explicitly the matrix [ ) satisfying (4.5). We shall do 



D ^ 

this explicitly for n2 = 2. In this case there are six possible values of (m, n, j) consistent 
with (2.25), (4.2). They are 

(mi, m, m2, 712, j) = (0, 0, 0, 2, 1), (1, 0, 0, 2, 1), (0, 1, 0, 2, 1), 

(0, 0, -1, 2, 3), (1, 0, -1, 2, 3), (0, 1, -1, 2, 3) . (4.14) 
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6 
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4 


6 


6 


6 


6 


Q-P 











1 


2 


3 


Ad(Q, P) 


34.617 


480.638 


18537.1 


20104.8 


27652.3 






Table 2: First exponentially suppressed contribution to d{Q,P) and SstatiQ^ P)- Note that 
the correction vanishes accidentally for Q • P = = odd. 

In each of these cases we can find appropriate matrices [ J satisfying (4.5). 



These transformations take the form: 



C D 



p -2v^+v+2pd- \ / p -2v^+v+p{2d--l) 

Q _ / (l-2e)2-4pd- (l-2C)2-4pd- \ O — I 4(C-l)C+2p-4p6-+l 4(C-l)i;+2/5-4po-+l 

' ' -2v^+v+2pd- a I ' i' — I -2v^+v+p{2a-l) 2{v-l)v+p-2p&+& 

(l-2i;)2-4pd- (l-2C)2-4pd- / \ 4(C-l)C+2p-4pd-+l 4(i)-l)C+2p-4po-+l 

-2{v-l)v+p+2pa+& -2v^+v+2pcr+& \ / p l-i, o " 

Q _ I (l-2C)2-2{2p+l)6- (l-2C)2-2(2/3+l)o- \ ( (v-lY-pa (v-l)'^-p& 

' -2v'^+v+2pa+a a I ' I l~v O o" 

(l-2C)2-2(2p+l)(T (l-2j;)2-2(2/5+l)d- / \ («-l)2-pd- («-l)2-pd- 

(l-2t;)^-4piT j;(2t:--3)+p-2pd-+l 
Q _ ( -2v+p+a+l -2i)+p+<T+l 

' j;(2ti-3)+p-2pd-+l v'^-(p+l)a 

-2e+p+d-+l -2<;+p+d-+l 
■i;(3ii— 4)— p— 3/5iT— (T+l v—p—1 
O _ f " -2(ii-l)ii+p+2pCT+CT -2(y-\)v+p+2pa-\-a 

~ ' I 1 -2p-l , 2 

-2(i5-l)i5+p+2pd-+CT -2(i5-l)i5+p+2pd-+iT 



+ 1 



(4.15) 



These transformations can be used to get p and a in terms of (Q^, P^,Q-P) using (4.9). 
Substituting these into (4.13) and summing over the allowed values of (mi,ni,j) given 
in (4.14) we get the correction to d{Q, P) = exp{Sstat) to this order. If we denote the 
resulting correction to d{Q, P) by Ad{Q, P), then the values of Ad{Q, P) for different 
values of (Q^, P^, Q ■ P) have been shown in table 2. 



5. Macroscopic Origin of the Exponentially Suppressed Correc- 
tions 

We have seen that the corrections to the leading contribution to the statistical entropy 
are of two types, power suppressed corrections which arise from expansion about the 
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saddle point associated with pole (2.11), and exponentially suppressed corrections asso- 
ciated with the contribution from the residues at the other poles (2.24). Given that we 
have not been able to reproduce even the power suppressed corrections from the macro- 
scopic side, it may seem futile to attempt to understand the exponentially suppressed 
corrections. However we shall now argue that quantum entropy function may provide 
a natural mechanism for understanding the exponentially suppressed corrections. 

We shall begin with a lightening review of the quantum entropy function. Let us 
consider an extremal black hole with an AdS2 factor in the near horizon geometry. We 
shall regard string theory in this background as a two dimensional theory, treating all 
other directions as compact. The background fields describing the AdS2 near horizon 
geometry has the form [44] 

ds' ^ V (^-{r' - l)dt' + F« = e„ ••• (5.1) 

where Pj^J = - d,A are the gauge field strengths associated with two dimen- 

sional gauge fields A^^^ , v and ej are constants and • • • denotes near horizon values of 
other fields. Under euclidean continuation 

t^-i0, (5.2) 

we have 

ds' ^ V (^{r' - l)d9' + Fi^ = -te,, ■■■ (5.3) 
Under a further coordinate change 

r = cosh?7 , (5.4) 

(5.3) takes the form 

ds^ = V [drf' + sinh^T^c?^^) , F^^ = ici sinhry, • • • . (5.5) 

The metric is non-singular at the point 77 = if we choose 6 to have period 27r. 
Integrating the field strength we can get the form of the gauge field: 

Afdx^" = -i ei (cosh r}-l)de ^ -iei{r-l)d9 . (5.6) 

Note that the —1 factor inside the parenthesis is required to make the gauge fields 
non-singular at 77 = 0. In writing (5.6) we have chosen A^^ — gauge. If qi denotes 
the charge of the black hole corresponding to the ith gauge field and C denotes the 
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Lagrangian density evaluated in the near horizon geometry (5.5), then q and e are 
related as 

Quantum entropy function is a proposal for computing the exact degeneracy of 
states of an extremal black hole. It is given by 

^ U-K.^[-iqA de Af]) , (5.8) 

\ J / AdS2 

where ( )AdSi denotes the unnormalizcd path integral over various fields of string theory 
on euclidean global AdS2 described in (5.5) and A^q' denotes the component of the i-th 
gauge field along the boundary of AdS2- The superscript ^ finite^ refers to the finite 
part of the amplitude defined as follows. If we regularize the infra-red divergence by 
putting an explicit cut-off that regularizes the volume of AdS2., then the amplitude has 
the form e^^ x a finite part where C is a constant and L is the length of the boundary 
of regulated AdS2. We define the finite part as the one obtained by dropping the e^^ 
part. This equation gives a precise relation between the microscopic degeneracy and 
an appropriate partition function in the near horizon geometry of the black hole. 

In defining the path integral over AdS2 we need to put boundary conditions on 
various fields. We require that the asymptotic geometry coincides with (5.5). Special 
care is needed to fix the boundary condition on A^q\ In the A^'j^ = gauge the Maxwell's 
equation around this background has two independent solutions near the boundary: 
Ag^ = constant and Ag^ oc r. Since the latter is the dominant mode we put boundary 
condition on the latter mode, allowing the constant mode of the gauge field to fiuctuate. 
This corresponds to working with fixed asymptotic values of the electric fields, or 
equivalently fixed charges via eq.(5.7). 

Let us now review how in the classical limit the quantum entropy function reduces 
to the exponential of the Wald entropy. For this we need to put an infra-red cut-off; 
this is done by restricting the coordinate r in the range 1 < r < Tq. Then in the 
classical limit the quantum entropy function is given by the finite part of 



exp 



(^-Abulk - Aboundary " iQi <j> Af dO^ , (5.9) 

where Ah^ik and A^oundary represent contributions from the bulk and the boundary terms 
in the classical action in the background (5.5). If C denotes the Lagrangian density of 
the two dimensional theory, then the bulk contribution to the action in the background 
(5.5) takes the form: 



Abuik ^ - J d'^x ^/detg L 
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/■27r /-cosh ^ ro 

— — d9 drj sinh rjv C 

Jo Jo 

^ -2nvC{ro-l) + 0{ro'). (5.10) 

In going from the second to the third step in (5.10) we have used the fact that due to 
the 5*0(2, 1) invariance of the AdS2 background, C must be independent of rj and 6. 
In this parametrization the length L of the boundary is given by 

L = v^^ ^Jrl-lde = 27:V^ro + 0{rQ^) . (5.11) 

The contribution from the last term in (5.9) can also be calculated easily using the 
expression for Ag^ given in (5.6). We get 

iqi j Af de = 27rg • e(ro - 1) . (5.12) 

Finally, the contribution from Ajyoundary can be shown to have the form[4] 

^houndary = 27rro K + 0{rQ^) , (5.13) 
for some constant K. This gives 

exp {^Af^ik - Ahoundary " iQi j dO^ = cxp [-2nro{q ■ e - v C + K) + 0{r^^)\ 

xexp[27r(g- e --{;£)] . (5.14) 

Thus the quantum entropy function, given by the finite part of (5.14), takes the form 

(i(g) ~ exp [27r(g • e — v£)] . (5.15) 

The right hand side of (5.15) is the exponential of the Wald entropy[3].^ For the 
particular case of quarter BPS black holes in jV = 4 supersymmetric string theories 
the leading contribution to (5.15) has the form 

d{q) ~ exp [t^^Q'^P'^ - {Q ■ Py^ . (5.16) 

Quantum corrections to (5.15) can be of two types. First of all we can have fluctu- 
ations of the string field around the AdS2 background (5.3). We expect this to produce 
power law corrections, but not change the exponent in (5.16) which is related to the 
finite part of the action in the AdS2 background. The other class of corrections could 



'For the special case of two derivative actions this has also been noted recently in [45]. 
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come from picking altogether different classical solutions with the same asymptotic field 
configuration as the one given in (5.3). These could have different actions and hence 
give contributions with different exponential factors. Thus such corrections are the 
ideal candidates for producing exponentially subleading corrections to the degeneracy. 

Can we identify classical solutions which could produce the subleading corrections 
discussed in §4? To this end consider a quotient of the background (5.3) by the 
transformation 

0^0 + ^. (5.17) 

If we denote by (r, 6) the coordinates of this new space then the solution may be 
expressed as 

ds'^v[{^-l)d9' + ^^, F^^-ze,, e^0+^^. (5.18) 

Since 6 has a different period than 6, this does not manifestly have the same asymptotic 
form as the solution (5.3). Let us now make a change of coordinates 

r = r/N, e = m. (5.19) 

In this coordinate system the new metric takes the form: 

ds^ = V (^{r^ - N-'')dd^ + "^f^^^ , F,(? = -iei, 9 = 9 + 27:. (5.20) 

This has the same asymptotic behaviour as the original solution and hence is a poten- 
tial saddle point that could contribute to the quantum entropy function. The action 
associated with this solution, with the cut-off r < Tq, can be easily calculated. Af- 
ter removing the ro dependent piece we get the following classical contribution to the 
quantum entropy function^ 

exp [27r(g • e-vC)/N] = exp (^Tr^yQ^P'^ - {Q ■ P)yN^ . (5.21) 

This has precisely the right form as the exponentially subleading contributions de- 
scribed in §4 if we identify N with the integer n2 appearing there. 

This however cannot be the complete story. From the form of the solution given 
in (5.18) it is clear that the the solution has a 'E^ orbifold singularity of the type 



^This is easiest to derive in the {r,9) coordinate system where the total action is times the 
action for the original AdS2 background with ro replaced by rg. Since rp = Nro, the terms linear in 
ro are the same as in the original AdS2 background, whereas the ro independent term gets divided by 
N. 
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M?/ at the origin r = 1. This is a priori a singular configuration and it is not 
clear if this is an allowed configuration in string theory. We resolve this difficulty by 
accompanying the Sljv action by an internal Zijv transformation 

0^</)--, (5.22) 

where is the azimuthal coordinate of the sphere that is also part of the near horizon 
geometry of the black hole. If ip denotes the polar angle on then the orbifold group 
has fixed points at {r — l,ip = 0) and {r = Ijip = n). Thus the manifold is still singular 
but now the singularities are of the type GH^/ 'Z^, and these can certainly be resolved 
in string theory. Thus we conclude that the resulting configuration is non-singular. The 
classical action is not affected by the additional shifts in the (f) coordinate and hence 
the contribution to the quantum entropy function continues to be given by (5.21). 

There is however a new issue that we need to address. Now the identification 
9 = 6 + 27: changes to 

(^» = (^^ + 27r> - . (5.23) 

Thus one needs to check if this is consistent with the asymptotic boundary conditions 
imposed on various fields. To this end we note that if we denote by Af^ the two dimen- 
sional gauge field arising from the translation isometry, then the twisted boundary 
condition (5.24) is equivalent to switching on a Wilson line of the form 

Aede^—. (5.24) 

Now as discussed earlier, for all gauge fields the boundary conditions fix the elec- 
tric field, or equivalently the charge, but the zero modes of the gauge fields are al- 
lowed to fiuctuate. Here the charge associated with the gauge field A^ is the angular 
momentum[46] which has been taken to be zero. But there is no constraint on the 
Wilson line ^ AedO. Thus we are instructed to integrate over different possible values 
of this Wilson line, and in that process pick up contribution from the different saddle 
points given in (5.20). This shows that there is no conflict between the asymptotic 
boundary conditions and the twist described in (5.23). 

Another issue that needs attention is integration over bosonic and fermonic zero 
modes associated with this solution. The near horizon geometry of the black hole has 
a,n J\f — A superconformal algebra. The generators of this algebra are the SL{2, R) 
generators Lq, -L±i, the SU{2) generators J^, and the supersymmetry generators 
G^i. with a — 1,2. Of these (Li — L_i)/2 is the generator of rotation about the 

origin of AdS2 and is the generator of rotation about the north pole of S^. Since 
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the orbifold action is generated by (Li — L_i — 2J^), the quotient is not invariant 
under the full Af — A superconformal algebra; it is invariant only under a subalgebra 
that commutes with (Li — L_i — 2J^). This subalgebra is generated by Li — L_i, J^, 
^1/2 + ^-1/2 ^1/2 ^ ^-1/2- broken bosonic and fermionic generators leads to 
four bosonic and four fermionic zero modes of the solution. Of these the bosonic zero 
modes parametrize the coset {SL{2, R)/U{1)) x {SU{2)/U{1)) = AdS2 x S^. This is 
precisely the situation analyzed in [47] 7 Naively the integration over the bosonic zero 
modes will produce infinite result and the fermionic zero mode integrals vanish. But it 
was shown in [47] that we can regularize the inregrals by adding to the action an extra 
term that does not affect the integral. The extra term lifts both the bosonic and the 
fermionic zero modes and as a result the path integral produces a finite result. 

There are several other minor issues which need to be addressed. For type II string 
theory in fiat space-time, the Sjv orbifold action described here generates an allowed 
configuration. Here we have an AdS2 x S'^ background instead of fiat space. Hence 
the original analysis is not strictly valid. However since the orbifold fixed point is 
localized in AdS2 x S^, it should not 'feel' the effect of the background geomery and 
continue to be an allowed configuration. What is not guaranteed is that the blow up 
modes which allow us to deform the configuration away from the orbifold point will 
remain flat directions. This is an important issue we need to address if we want to 
explore the constant multiplying (5.21). We also need to explore if there can be any 
additional contribution to the action from the orbifold fixed point. We expect however 
that since the fixed point is localized at a point in AdS2 x 5"^, to leading order such a 
contribution (if non-zero) will be independent of the background geometry of AdS2 x S'^. 
In particular it will not have a factor proportional to the size of AdS2 x S^, and hence 
will at most give an order g° correction to the leading term n^/Q'^P'^ — (Q ■ Py/N in 
the exponent of (5.21). 

The analysis described above is independent of which kind of extremal black hole 

we are considering.^ This suggests a universal pattern of the exponentially suppressed 
corrections to the entropy of all extremal black holes. If we denote by 5*0 the lead- 
ing contribution to the entropy then the exact degeneracy should contain sublcading 
corrections of order e*^"/^ for all G N > 2. It will be interesting to sec if 
the exact degeneracy formulae of extremal black holes in theories with less number of 
supersymmetries obey this structure. 



^The notation of [47] is slightly different; what we are calling Li — L_i was called Lq in [47]. 

^For higher dimensional black holes the near horizon geometry contains a (squashed) 5" factor 
instead of S"^. In this case we can choose a suitable embedding of the Zjv action inside the symmetry 
group of (squashed) S". 
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